Novel approach to rheological modelling of a fly ash-water mixture is proposed. The model is first tested against the available experimental data for a corn starch-water, a glass beads-water and a fly ash-water mixture and then used taking the advantage of available CFD code for a calculation of major and minor losses. Numerical results for Quadratic model are compared with results for Power law.
INTRODUCTION
Most CFD codes offering treatment of non-Newtonian fluids use the well-established Power law rheological model. User of a CFD code should supply the code with both parameters (consistency K and flow index n) valid for an actual fluid being modelled. These parameters are obtained from measurements, e.g. with a capillary viscometer. However, the results are not always presented as a relation of a shear stress vs. a shear rate but rather as a wall shear stress vs. an apparent wall shear rate.
The regression analysis used to arrive at Power law parameters (e.g. the least squares method) is no longer in a form: (1) but rather:
where t W stands for a wall shear stress, g · W for a wall shear rate, K for a consistency, n for a flow index and 8 v -/D for an apparent wall shear rate. Similar, but more cumbersome approach can be used with a three-parameter Sisko model.
In the past, we have performed both types of analysis for a fly ash-water mixture, and were (in general) not satisfied with accuracy ( Fig. 1 ). Rather then insisting on these two rheological models we have tried a simple polynomial (i.e. parabolic) data fit which was much more accurate than the classical Power law or Sisko model. The remaining question then was if such a data fit can be transformed into a relationship between a shear stress and a shear rate similar to other forms of rheological model. In this contribution we try to show how to construct a polynomial model from experimental data using non-linear regression analysis. This model can be then used in most CFD codes with user routines (USRVIS in . In our case, the quadratic function was chosen, and resulting model named Quadratic model. This model, as seen below, in the lower (g · ô 0) and upper (g · ô •) limits approaches both the Power and Sisko model for a shear thickening (dilatant, n > 1) fluids with a fluid index n = 2. For ranges of a shear rate in practical applications, however, the functional form is neither a special case of the Power, nor the Sisko model but rather the two parameter quadratic function shown in Eq. 10 below.
Ivanov et al. [1] report that the Particle Image Velocimetry (PIV) measurements show significant deviations of the theoretically obtained velocity profiles near the tube walls as compared to the experimentally measured profiles. Further, analysis of various reported experiments by Steffe [2] for a corn starch and water mixture, and Ebadian [3] for a glass beads-water slurry show that Power law (or its variations) is not suitable for shear stress -shear rate description of these experiments. Last but not least our own analysis of experiments (Ternik and Marn [4] , Delić and Marn [5] , Ternik [6] ) show that neither Power law nor Sisko model agree well with fly ash-water mixture. The reason for unsuitability of Sisko model is in a fact that it was found to be well suited for shear thinning viscous behaviour (Turian et al. [7] ).
All of that has prompted our interest in finding new rheological model for analysis of fly ash and water mixture (Ternik [8] ) and in using this model to model major and minor losses for laminar non-Newtonian fluid flow through kilometres of piping within the coal mine. The subject at hand is important as during operation of a fossil fuel plant large quantities of fly ash are produced. This fly ash is later reintroduced into a coal mine and mixed with water and other additives to reinforce the floor of excavation layers (thus forming the ceiling of the layers below) in order to prevent premature slumping. It is rather important to learn as much as possible regarding the flow of a mixture through the pipes. While the operating experience requires turbulent flow at all times (due to unwanted sedimentation) this would be impossible to achieve without first modelling a laminar flow.
The difference between theoretical and actually observed velocity profiles (Ivanov et al. [1] ) results in different friction coefficients, and hence different major loss coefficients. Below, we first define Quadratic model and then show respective shear rate, velocity profile and equivalent Reynolds number.
QUADRATIC MODEL
Proposed equation, giving the relationship between the wall shear stress, t w , and the apparent wall shear rate, 8 v -/D, for the flow through the pipe is:
from which the apparent wall shear rate is obtained as: (4) omitting the second (negative) solution. Differentiation of Eq. 3 with respect to 8 v -/D gives:
General equation for all fluids in tube flow (Brodkey and Hershey [9] ): Volume 13 · Issue 6 (6) and Eq. 5 are used to arrive at:
Rearranging of Eq. 7 gives the following:
With introduction of:
Eq. 8 can now be rewritten as:
One can see that the Eq. 9 is a quadratic equation for the wall shear stress from which the general relationship between the shear stress and the shear rate can be derived as:
where
SHEAR RATE
In the case of a pipe flow substituting r for R in Eq. 7 and taking the following equation for the shear stress from Brodkey and Hershey [9] : 
results in the following equation for the shear rate:
In addition, the relationship between the wall shear rate and the apparent wall shear rate is determined using the Eqs. 5 and 6 as:
(13)
COMPARISON BETWEEN QUADRATIC MODEL, POWER LAW AND SISKO MODEL
Below we show that Quadratic model offers nicer fit to the experimental data than Power law or Sisko model. On the other hand, the structure of proposed model is very similar to either Power law or Sisko model with a flow index of 2. It would be intuitively reasonable to conclude that especially for the shear thickening fluids the results could be fairly similar, and that if indeed the flow index of 2 is leading, the flow indices in Power law and Sisko model might be close to 2 as well.
In the lower (g · ô 0) and the upper limits (g · ô •) Quadratic model approaches both Power law and Sisko model for a shear thickening (n > 1) fluids with a flow index n = 2. If one examines three models between the limits, Power law for a flow index 2 reads as:
Further, Sisko model for a flow index of 2 reads as:
(15) and finally Quadratic model, see Eq. 10, reads as:
For a sake of arguments, in the Eqs. 14 to 16 the usual notation used for these models was
changed to A, B, C, D, E, and F to show the constants appearing at the similar parts of the equation. The subscripts P, S, and Q refer to Power law, Sisko model and Quadratic model, respectively. Comparison between all three models as presented above shows that our intuitive conclusion may not be valid, and one may find different behaviour between the limits, i.e. for technically interesting fluids. Indeed, as shown below, this is the case.
VELOCITY PROFILE
In order to validate the proposed model it is beneficial to find out if an analytical solution to the velocity profile as a benchmark (such as flow through the straight pipe) may be constructed. For a flow through the pipe the following relationship is used:
and combined with Eq. 12 to arrive at (18) and (19) With introduction of Eq. 19 can be rewritten as (20) and integrated with an appropriate boundary condition (r = R ô v x (r) = 0) to arrive at the following equation for the velocity profile
The maximum velocity occurs at the pipe centre (r = 0)
The average velocity is computed
From Eq. 4 one derives the following expression:
Comparison between the Eqs. 23 and 24 using Mathcad shows equality of both expressions hence the authors believe that the approach presented here is valid.
EQUIVALENT REYNOLDS NUMBER
It would be beneficial for comparison between the models if appropriate dimensionless parameter such as equivalent Reynolds number could be constructed. The frictional pressure loss in laminar pipe flow is included in the dimensionless Fanning friction factor (Brodkey and Hershey [9] ):
with Fanning friction equal to the Darcy-Weisbach friction factor as follows 
MODEL PARAMETERS DETERMINATION
Using the experiments the constants for the proposed model, Eq. 3, were derived with a non-linear regression analysis (Chapra and Canale [10] ).
NON-LINEAR REGRESSION
Relationship between the non-linear equation and the data is expressed generally as ; ,
. ρ tion of parameters A, B, and e i is a random error.
The non-linear model is expanded in a Taylor series around the parameter values and higher order terms are dropped. Now Eq. 31 reads: (32) or in matrix form:
[Z j ] is the matrix of partial derivatives of the function evaluated at the initial guess j, vector {D} contains the difference between the measurements and the function value, and the vector {DP} contains the changes in the parameters values. Applying linear least-squares theory to Eq. 33 results in:
(34) which is solved for {DP} and employed to compute the improved values for the parameters. This procedure is repeated until:
diminishes below the success criterion |e A |, |e B | £ 10 -6 .
CAPILLARY VISCOMETER MEASUREMENTS
Experiments with a capillary viscometer for water and electrostatic filter ash mixture were performed to determine the wall shear stress t W and the apparent wall shear rate, 8 v -/D [8] . 
The data were obtained using fly ash from a fossil fuel power plant as the final goal of our research to improve the modelling of flow of fly ash through the piping system within the lignite mine. The size distribution is summarized in 
Here r 2 is the coefficient of determination. Figure  1 shows comparison of experimentally obtained results (for 8 v -/D and t W ) and derived rheological models. Here the parameters k, n for the Power law were determined using least-squares method [6] :
Mixture I: .˙, .
. It should be mentioned that the line in Fig. 1 for Mixture I is in a fact not straight but slightly curved as the flow index is only slightly above 1.0 (the flow index of 1 would give the Newtonian fluid flow with a linear dependence between the shear stress and the shear rate). One can see that Quadratic model does significantly better job correlating the experimental data across the range of an apparent wall shear rate than Power law does. One can also see that despite our anticipation flow indices do not approach 2 for neither Power law nor Sisko model.
ANALYSIS OF AVAILABLE EXPERIMENTAL DATA
In addition to fly ash-water mixture we wanted to analyse other mixtures such as corn starchwater and glass beads-water mixtures for which published results could be found. Since the experimental data were given in a shear stressshear rate relationship the procedure of parameter determination for Quadratic model was suitably modified taking the shear rate as an independent variable into account. Figure 2 shows results for a 53% (weight) mixture of corn starch and water taken from Steffe [2] and analysis with the Power law and Quadratic model for a whole shear rate range. 
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The steady shear data were collected using a conventional cone (4 degree, 60 mm diameter) and plate apparatus. Figure 3 shows results for same mixture but only for higher values of shear stress as only those that were analysed by Steffe [2] . It should be noted that as no numerical data was given in Steffe [2] , the experimental data points were taken graphically. Further, Power law result in Fig. 3 is not the same as one presented by Steffe [2] but one calculated by the authors. Steffe [2] concludes that initial shear thinning is followed by a strong shear thickening behaviour. Our analysis shows that the behaviour is that of a shear thickening and that it can be described for the full range with Quadratic model. Figure 4 shows results for 5% (volumetric) glass beads-water mixture as presented by Ebadian [3] . This author did not give Power law coefficients of mixture, and similarly as before, the data points were taken graphically as no table of results was given. Surprisingly, our own least-squares analysis shows that Power law predicts the results in Fig. 4 as those of shear thinning fluid while Quadratic model gives a clear shear thickening results. We wanted to determine why n < 1 curve was obtained from what seemed to be n > 1 data. Several different approaches were tried, however, the coefficient of determination, r 2 , for data range was highest with fit as presented. If several leading, or trailing data points were removed, the shear thickening result was obtained as expected. On the other hand, Quadratic model did not require data removal or other techniques to arrive at the acceptable results. It should be emphasized, however, that poor fit with Power law may be result of graphical reading of points from the published figures. On the base of our findings we conclude that the results of Power law were misleading unless manipulated by selective data point removal while those of Quadratic model gave useful and consistent results without intervention.
NUMERICAL MODELLING
Using CFX-4.4 numerical code fully developed flow of an electrostatic filter ash and water mixture (Mixture II) in a straight pipe was modelled using Quadratic model and the Power law rheological models. In a case of Quadratic model the user Fortran subroutine USRVIS was used to prescribe the viscosity function.
THE BOUNDARY CONDITIONS
Mass flow boundary conditions (approximating fully developed flow into the domain) were imposed at the inlet and the relative pressure Dp 2 292 Applied Rheology Volume 13 · Issue 6 = 0 was imposed at the outlet (Fig. 5 ). The mass flow rate (and the average velocity) at the inlet was determined from Reynolds number for Power law [7] :
(40) resulting in the equivalent Reynolds number for Quadratic model as defined by Eq. 29 (Table 3) .
RESULTS
NODALISATION ANALYSIS
The influence of computational grid refinement on the numerical accuracy was studied using nodalisation analysis. Flow in a straight pipe of diameter D and length L was modelled with three different computational grids (number of elements in cross section area of computational domain, see Fig. 6 ), and numerically obtained results v x (r = 0) for Power law were compared to theoretical ones:
The error of numerical procedure was estimated as:
Based on the results presented in Table 4 one can conclude that any further grid refinement would not significantly improve the accuracy of numerical results. In addition the authors believe grid II was of sufficient accuracy to model a flow in straight pipe. Figure 7 shows the comparison of theoretical and numerical results for Quadratic model for two different mass flow rates. One can see that numerically obtained results for v x (r) agree well with theoretical ones. The same can be stated also for the shear rate g · rx since it depends on the velocity (Eq. 17). Based on these results the authors believe that the user functions were The difference between velocity profiles calculated using both rheological models is shown in Fig. 8 . It can be seen that for Quadratic model the maximum velocity v x (r = 0) that occurs at the pipe centreline is smaller than for Power law. Furthermore there is a difference in the velocity distribution near a pipe wall region as seen in Fig. 11 . This is important for major losses that occur in a pipe flow.
VELOCITY FIELD
The results in Fig. 8 are counter intuitive. Namely, for Power law it can be shown that higher the flow index, more pointed the velocity profiles, and lower the flow index, more blunt. Therefore, the results for Quadratic model as presented in Fig. 8 basically mean that the flow index of Quadratic model would be lower than for Power law, if both models would conform to the same rule. This conclusion, however, would no longer be valid if it can be shown that the velocity profile depends not only on the consistency but also on some other parameters.
For Power law, the normalized (v x /v -) velocity profiles are exactly the same for all laminar flow average velocities regardless of the Reynolds number (Eq. 40). In a special case of n = 2 the Reynolds number even does not depend on the average velocity (meaning that all fluids with a flow index of 2 exhibit the same Reynolds number at all times in a laminar flow, which by itself is an interesting conclusion). This is not so for Quadratic model. For Power law the Eq. 40 is rearranged to yield:
(43) and for Quadratic model Eq. 29 yields to:
(44) Therefore, the average velocity changes with the Reynolds number differently for Power law, and Quadratic model, respectively. Figure 9 shows different velocity profiles obtained for different values of the Reynolds number using Quadratic model.
It should be noticed that the profiles as shown in Fig. 9 are all for the same fluid properties, with the mass flow rate increasing. The values of the Reynolds number are the same as those in Table 3 . This means that higher the value of the Reynolds number, more "blunt" the pro- file, and this may also be the reason for the difference between Power law, and Quadratic model results in Fig. 8 . For Power law, the profiles remain the same regardless of the Reynolds number. Figure 10 shows the relation between the average velocity and the values of the Reynolds number for both cases. According to Figure 11 the velocity for Quadratic model is larger in a near wall region than for Power law, and this is true also for shear rate. Away from the wall, the velocity gradient is smaller than for Power law case, see right hand side of Fig. 11 .
MAJOR LOSSES
Using numerically obtained results for the pressure drop in a pipe flow, Dp CFX , the major losses (Darcy-Weisbach friction factor) were determined as (45) and compared with theoretical value l = 64/Re. Comparison of calculated major losses is shown in Fig. 12 . It can be seen that the major losses calculated using Eq. 45 agree well theoretical values. Further, one can conclude, that the sug-
gested form of the equivalent Reynolds number (Eq. 29) is an appropriate. Results for Dp as well as for l show that Quadratic model predicts smaller friction loss than Power law as shown in Fig. 13 . For smaller values of a mass flow rate the corresponding pressure drop is smaller for Power law. As mass flow rate increases the pressure drop increases with significantly higher values for Power law.
CONCLUSIONS
Quadratic model, describing shear thickening viscous behaviour of non-Newtonian fluids, is proposed. Equations for velocity profile, shear stress and shear rate were derived using the fundamental relationship between the wall shear stress and the apparent wall shear rate of a model proposed. For an actual experimental set up with a capillary viscometer the results for the wall shear stress and the apparent wall shear rate were used to determine the parameters for Qua- the customarily used Power law. Using the CFX 4.4 numerical code the fully developed laminar flow of an electrostatic ash and water mixture in straight pipe was modelled. Comparison of numerically obtained and theoretical results for the velocity profile show good agreement as well as validate the Quadratic model as presented.
